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We give a counterexample to a conjecture of G. Ringel on the order properties of 
a simple arrangement of lines in the plane. 1’ 1986 Academic Press. Inc. 
In [3, p. 1023 G. Ringel proposes the following conjecture: 
Let L,, L,,..., L, be n > 1 lines in general position in the plane. Suppose 
notations such that the slopes are increasing: a, < a2 < . . . < a,,. Given any 
sequence a; < ai < . . . < aA of reals there are n lines L’, , L;,..., Li in general 
position in the plane with slopes a’,, a;,..., a; such that the cell complexes 
determined by L,, Lz ,..., L, and L’,, L; ,._., L:, are combinatorially 
equivalent. 
Our purpose in the present note is to give a counterexample to this con- 
jecture. 
The equivalence of cell complexes defined by Ringel amounts to the 
isomorphism of the oriented matroids [l] associated with L,, L,,..., L, and 
L; ) Li,..., L’,. Goodman and Pollack [2] have observed that, by duality, 
this conjecture is equivalent to the following: 
Let P,, P,,..., P, be n 3 1 points in general position in the plane with x- 
coordinates x1 < .x? < . . < x,. For any sequence x’, < X; < . . . < x1, of reals 
there are n points P’, , Pk,..., Pi in general position in the plane with x coor- 
dinates .x;, xi,..., xi, such that the oriented matroids of aIIine dependencies 
of P,) PZ,..., P, and P;, P; ,..., P:, are isomorphic. 
We give a counterexample to this form of the conjecture. 
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FIGURE 1 
DESCRIPTION OF THE COUNTEREXAMPLE 
Consider four lines p, p’, q, q’ intersecting in A, A’, B, B’, C, D as shown 
in Fig. 1. 
For each of the 6 points A, A’, B, B’, C, D we introduce 4 points 
A,, A,, A,, A,, A;, A;, A;, Ai, etc., located as shown in Fig. 2. These 
points are meant to be close to the corresponding point A, A’, etc. The 
indexation is indifferent. 
For each of the 4 lines p, p’, q, q’ we introduce 2 points on this line 
P,, P,, P’,, Pk, Q,, Qz, Q;, Q;, located as shown in Fig. 2. These points 
are meant to be far from A, A’, B, B’, C, D. 
We observe that the .x-coordinates of these 32 points satisfy the con- 
dition 
{PI,P;, QI, Q;} < {C,, Cz, C,, C,> < {Ad,, A,, A,, A;, A;, A;, A:) Y Y 
< {D,, D,, D,, 04) < {B,, 4, B,, Bq, B;, B;, B;, Bj) .‘I Y 
< {Pz, Pi, Qz, Q;) 
where (PI, PA Q,:Q;) c {cl, c,, c,, c,) means that the x coordinates 
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FIGURE 2 
of PI, Pi, Q,, and Q’, are strictly smaller than the x coordinates of 
Cl, Cl, C3, and C,. 
We denote by A4 the oriented matroid of affine dependencies of the 32 
points A,,&,A,,A,, A;, A;,A;, A&, B,, B,, B,, B,, B;, B;, BI,, Bd, C,, 
G, c,, C,, D,, D2, D,, D,, PI, P2, Pi, P;, Q,, Q2, Q;, Q; for some con- 
figuration in general position with the above properties. 
PROPOSITION. A configuration of 32 points in the plane with oriented 
matroid M is a counterexample to Ringel’s conjecture. 
Proof. Let a, b, c, d, and E be reals such that c < a < d < b and E > 0. We 
show that for some choice of a, b, c, d, and E it is not possible to find a con- 
figuration of 32 points in the plane with oriented matroid M such that their 
x coordinates satisfy (1) and furthermore the x-coordinates of 
A,, A,, A,, A,, A;, A;, A;, AI, are at distance <E from a, the x coor- 
dinates of B,, B,, B,, B,, B;, B;, B;, BI, are at distance <E from 6, the x 
coordinates of C,, C2, C3, C, are at distance <s from c and the x coor- 
dinates of D, , D,, D,, D, are at distance < E from d. 
We observe that the oriented matroid condition forces that exactly one 
of the points A,, AZ, A,, A, lies in each of the four angles determined by 
the lines p = P, P, and q = Q I Q2. Hence the intersection A of p and q is in 
the convex hull of A r, A,, A,, A,, and, by projection, the x coordinate of 
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A is in the interval of the x axis determined by A i, A,, A,, A,. Hence if the 
x coordinates of A,, A,, A,, A, are at distance <E from a, then the x coor- 
dinate of A is also at distance <E from a. Corresponding properties hold 
for A’, B, B’, C, D. 
Let A” and B” be the intersections of the line CD with the lines AA’ and 
BB’, respectively. As is well known the division (A”, B”, C, D) is harmonic 
and by projection the same property holds for the x coordinates. The 
oriented matroid condition forces that A” is between A and A’ and B” is 
between B and B’. Hence the x-coordinates of A”, B”, C, D are at distance 
<E from a, b, c, d respectively. 
If a, b, c, d are not in harmonic proportion i.e. if 
a-c a-d 
b-c :cd# -1, 
then clearly for E small enough we get a contradiction. 1 
The number 32 is not minimal. With some more care, it can be shown by 
a similar argument that there is a simpler configuration with only 13 points 
also contradicting the conjecture. We do not know if 13 is minimal. 
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